
D I F F U S I O N  O F  W A T E R  I N  M O I S T  M A T E R I A L S  

N .  E .  G o r o b t s o v a  UDC 533.72 : 66.047 

A me thod  is g iven  fo r  c a l c u l a t i n g  d i f fus ion  c o e f f i c i e n t s  f o r  a p e r i o d  of d e c r e a s i n g  d r y i n g  

r a t e .  

Th i s  p a p e r  is  a con t inua t ion  ~ an  e a r l i e r  one [2], wh ich  d i s c u s s e d  the  d i f fus ion  c o e f f i c i e ~  as  a f u n c -  
t ion  ~ w a t e r  con ten t  ~ fo r  a p e r i o d  ~ c o n s t a ~  d r y i n g  r a t e  in ~ e  a b s e n c e  of t h e r m a l  t r a n s p o r t :  

N R R v ( ~ o - - ~ )  (1) 

a= = F ( ~ _ _ # ) ( ~ c _ _ U m h )  , 

w i th  fi0 -> ~ ->tic" We put  U c - U  e = B~ 0 in (1), to g ive  

1 ue  
(1 - - B ) N R R v  u0( l - -B)  

a., = BF (~o --~/) I ttmh - -  ue  

, (2 )  

o r , w i t h  Umh = U e / ( 1 -  B) 

I - - B  NRRv - cNRRv= 

BF u o - -  u Fu o 
(3) 

w h e r e  C = ( 1 - B ) / B  ( 1 - ~ / t 0 ) .  

E r m o l e n k o ' s  f o r m u l a  [4] f o r  an unbounded p l a t e  can be  used  to e x a m i n e  a m as  a func t ion  of fi in the  
p e r i o d  of d e c r e a s i n g  r a t e :  

- / [ "% ua~ I , x --2 ? 

r  ,=,,..~ ~...,,~,,4 1 .X, z o , z -  " -~ .  

o q2 0~ G/Oo o,o 0/~ 0 4 a /z 18 20 r 

Fig. I Fig. 2 

Fig. I. Graphs of (u(0 ' T)--Q)/60 = f (~/fio) from (13), C = f(~/~0) [1 from (3), 

2 f r o m  (23)], and  C 1 = f (u/fi0) [3 f r o m  (25), 4 f r o m  (26)]. 

F i g .  2. D r y i n g  c u r v e s  (T, h):  1) m e a n - i n t e g r a l  c u r v e ,  2) and 3) a t  c e n t e r  a s  
c a l c u l a t e d  f r o m  (5) and (27) r e s p e c t i v e l y ,  4) and 5) a t  s u r f a c e ,  f r o m  (27) and 
(5). 
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Fig.  3. Graphs of: 1) u(1 ,~.)/fi0 = f 
(u/u0) f r o m  (5); 2) the s a m e  f r o m  (27); 
3) u(0 ' ~-)/~0 = f (u/u0)- f r o m  (27); 4) 
the same  t r o m  (5). 

R i )  6 - (4) am -~ aT 

If a full r ep re sen ta t i on  of a m as a function of fi is to be obtained f r o m  (4), one needs not only the 
drying curve  for  the whole spec imen but a lso  the analogous curve  for  one of the l aye r s  [2], which is ve ry  
tedious to obtain, mainly  beeause  the re  is difficulty in de te rmin ing  the local  wa te r  eontent.  

The p rob lem becomes  mueh s i m p l e r  ff we de te rmine  numer iea l ly  the local wa te r -con ten t  dis t r ibut ion 
f r o m  the mean - i n t eg ra l  drying curve  [3] : 

u(x.~)--u e = [~o-- A(x,N~x--Ue]exp [ A(x)N% ] (5) 

U rc --Ue 

where  A(X ) is a coefficient  that is constant  in t ime  but that va r i e s  with the X coordinate :  

- t~c__Um h / /-/ \ u~ -- U'x'~) = / / - - 0 . 5 / "  - - - - - - = - . I - - - - X  ~) 
A ( x )  = u - o - -  u Uo - -  uo  1" ' 

(s) 

and with f ic-Ue = B~ o and Umh = Ue / (1 -B )  

B 
A(x)= I I - - O . 5 F I _ B  ( @ - - X ~  ) �9 (7) 

The t ime  I- I is reckoned f rom the s t a r t  of drying to ~'c' the t ime  when the c r i t i ca l  wa te r  content is 
reached,  while ~2 is reckoned f rom ~c" 

We have, as follows f r o m  (5), for  an unbounded plate in the per iod of constant  r a t e :  

U(o.~)---u = Uo--(1 - -0 ,5  1B.B) (u~ - ' ~ )  - u-~ -0'5---B1-B (u'~ u) " (8) 

F r o m  (4) and (8) with dE/d1- = N = eonst we have 

NRRv(1--B) (1 --B)NRRv (9)  
% =  2 r ( ~ 0 - - u ) o . 5 B  = B r ( f f o - - U )  " 

Equation (9) is analogous to (3). 

Consider  the per iod of dec reas ing  ra te .  We see  f r o m  (5) and (6) that r c fo r  the plate center  is 

1 1 - - B  (10) 
A(x=0) ~ - " 1 -  1.5 B 

t imes  the ~'c for  the mean over  the plate,  where  0.667 > B _> 0. 

As A(X = 0) is usual ly much les  s than one, the cons tan t - ra t e  per iod at the cen te r  ends at low mean- in teg ra l  
wa te r  contents,  i . e . ,  extends to a lmos t  the whole drying per iod .  
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A l s o ,  t he  t o t a l  d r y i n g  t i m e  equa l s  the  s u m  of the  f i r s t  p e r i o d  (wa te r  r e d u c e s  f r o m  fi0 to  Urc) and the  

s e c o n d  p e r i o d :  

N N Bu  o -  ] ' 

o r  f o r  u e = 0 

NTd = uo ( l :-  B - -  2.3 B lg-~uo ) , (12) 

we  ge t  f r o m  (5)-(7) and (12) tha t  the  c u r r e n t  w a t e r  con ten t  a t  the  c e n t e r  is  

U(o__.~____.L_) = 1 1 - -  1.5B Nx d = 1.5 B 1 -}- - -  . lg . 
uo (I - -  B) Uo 1 - -  B 

One ean  use  (13) to  f ind u(0 ' ~_)/u 0 in the  s e c o n d  p e r i o d ,  and so  one can  f ind a m f r o m  (4) 

d~ DD 
0.5 ~ ~ v  

Fu o 1.5B l-r- 1 - - B  

(13) 

(14) 

or f o r  dfi/d~- = Nu/Bf i  0 

a m 

O. 5NRRv 
- -  ~ [ u:  (2.3-3.45o  _1] 

rB~o 1.5B u ~- B 1 ~ - -  ~- ] lg B ~  

(15) 

Equa t ion  (15) fo r  0 <_ B > 0.667 i s  r e p r e s e n t e d  c l o s e l y  b y  

(16) 

and since from (3) 

(1 --  B) NRRv NRRv 
a m e =  BF ( ~ - -  B~) ---- BF u o ' 

(17) 

w e  have  

NRRv e x p [ 4 (  ~ - - B ) I = c I .  NRRv 
Br.o r70  ' 

(18) 

w h e r e  

CI = B-lexp [ 4 ( ~ - -  B) ] �9 (19) 

Equation (18) can be given the following convenient form: 

a m = a oexp 4 ~ , (20) 

w h e r e  

ao = NRR.____~_v exp (--4B). 
BF u o 

W e  e x a m i n e  a m = f (u/u0) v i a  the  c o m m o n  c a s e  f i r c - U e  = U e - U e  = B~ 0 = fi0/1.8, i . e . ,  B = 0.556 [1], 
w h e r e u p o n  (14) wi th  B = 0.556 g i v e s  
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du 
0. 523 

d~: R R v  (21) 
a m _ 

Fuo ( 1 - t - 0 . 5  lg u~--~---uo 1.05 ~-~--) 

o r  

d~ 
C ~ R R v ,  

a,~ = I ' ~  ' 
(22) 

w h e r e  

0.523 
C = (23) 

1-~0.51g u - -1 .05  u 
U o U0 

F i g u r e  1 shows C = f(u/fi0) f o r  the en t i re  per iod ,  and der ived  f r o m  (3) for  the f i r s t  pe r iod .  Equat ions  (3) 
and (22) d i f fer  only in the d ry ing  r a t e ,  the  f i r s t  pe r iod  having  N = cons tan t  and the second  having  dfi/d~- 
va r i ab le .  

The C = f (~/~0) cu rve  shows that  C fal ls  r ap id ly  in the  f i r s t  pe r iod ,  while  in the second  it fa l ls  l e s s  
r ap id ly ,  then b e c o m e s  a l m o s t  cons tan t ,  and f ina l ly  r i s e s  again.  If the d ry ing  r a t e  is cons tan t ,  the a m 
= f (u/~0) c u r v e  is s i m i l a r  to the C = f (u/u0) cu rve  because  all  the quant i t ies  in (3) and (22) a r e  cons tan t ,  
a p a r t  f r o m  C. In o the r  c a s e s  the shape  of a m = f (E/~ 0) is d e t e r m i n e d  by C and d~/dT o r  C 1. 

F o r  ins tance ,  fo r  d~/d~ = 1.SNu/fi 0, i . e . ,  B = 0.556 

0 . 9 4 2 N  R R  v C I N  R R  v (24) 

UoF ~- 0.5 lg - =  - -  1.05 
U 0 

w h e r e  

0.942 Cu 
c , = _  - ~ BVo 

u~ -t- 0,5 u~ lg --  1.05 
t/ U U o 

(25) 

F i g u r e  1 a lso  shows C i = f (u/fi0), which  is c l o se ly  fi t ted by (19) with B = 0.556: 

C1 = 0.195 exp ( 4 ~ )  - (26) 

Equat ion (26) can be extended to the en t i r e  d ry ing  per iod .  

The above method can be s impl i f ied  cons ide r ab ly  in o r d e r  to ca lcu la te  t r a n s i e n t  w a t e r  contents  and 
diffusion coef f i c ien t s .  Equat ion (5) m a y  be r e p r e s e n t e d  c lo se ly  as 

u o - -  u e \ uo - -  U e /  

and so  one needs  only the m e a n - i n t e g r a l  d ry ing  cu rve  to d e t e r m i n e  t r a n s i e n t  w a t e r  d i s t r ibu t ions .  

F i g u r e  2 shows u(0 ,.D/ri 0 = f (u/u0) and u(i ' ~)/u0 = f (u/fi0) de r ived  f r o m  (5) and (27) with B = 0.556 and 
u e.  The m a x i m u m  d i s c r e p a n c y  between the values ca lcu la ted  f r o m  (5) and (27) is 20% (see F ig .  3). 

One can eas i ly  t r a c e  the change in t r a n s i e n t  w a t e r  contents  in the th ickness  f r o m  u(x ' 1-)/fi 0 = f (u/u0), 
e.  g . ,  in F ig .  3 a r e  shown the l imi t s  of U(x ' T)/fi0 = f (u/fi0) i . e . ,  cu rves  f o r  u(0 ' ~-)/u0 = f (u/u0) and u(i ' q.) 

/uo = f (u/u0) fo r  an unbounded plate  for  B = 0.556. The o ther  U(x ' ~-)/u0 = f (fi/u0) cu rves  a r e  s i m i l a r ,  and 

f o r  X < 0.577 they  l ie in the upper  r eg ion  bounded by the cu rve  u(0 ' 7)/u0 = f (u/u0) and the  l ine u(0.577;~.)/fi 0 

= f (u/rio), while  fo r  X > 0.577 they  l ie in the reg ion  bounded by the  s a m e  l ine and the c u r v e  u(i ' T)/ff0) = f (~ 

/~0)- 
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Equation (27) great ly  simplifies the determination of diffusion coefficients f rom (4), e . g . ,  for an 
unbounded plate:  

0.5 d~ 
d': RRv 

a , ,  = 0.SB I--I .SB , ( 2 8 )  

and if d~/d~r = Nfi/Bfi0, then 

Ct m 

0.5NRRv 
0.5_ B_ 

F B  u o - -  1 

(29) 

u 0,  u, u c, Urc, u(x, ~-), u(0, ~), u(1, ~), Umh, u e 

am, amc, a0 

du/d-r, dux/dT , N 

TI,T2, T c 

~d 
A(X), B, C, C 1 
F, II 

R 

RV 

R X 
X 

NOTATION 

initial, mean-integral, critical, and reduced critical, local 
moisture contents, moisture content at centre of material, 
moisture content at surface of material, maximum hygro- 
scopic, and equilibrium moisture contents, respectively; 
moisture diffusivity: mean-integral, at critical moisture 
content, and of absolutely dry material, respectively; 
mean-integral, layer, and local drying rates, respectively 
in the period of constant drying rate; 
time at constant drying rate, at decreasing rate, and at 
Urc, respectively; 
total drying time; 

numerical coefficients ; 
constant numerical coefficients: for an infinite plate, II = 1, 
F = 3, for an infinite cylinder, [I = 2, F = 4; for a sphere, 
l!_ = 3, r = 5 ;  
charac te r i s t i c  dimension of body; 
hydraulic radius ; 
thickness of sample layer ;  

dimensionless coordinate:  for infinite plate, X = x/R, where 
x is the running coordinate;  for a cylinder or sphere.  
X = r / R ,  where r is radius.  

1. 
2. 
3. 
4. 
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